We construct arcs K of cardinality 2q + 1 in the projective space P G(3, q 3 ), q = p h , p > 3 prime, from a cubic curve C. By construction, K is stabilized by a p-Sylow subgroup of the projectivities preserving C and it is contained in no twisted cubic of P G(3, q 3 ).
Introduction
A k-arc K in a d-dimensional projective space P G(d, F ) over a finite field F is a set of k points, no d + 1 of which belong to a hyperplane. A k-arc K is complete if there is no (k + 1)-arc containing K. It is well known that arcs are interesting both from a geometrical point of view and to get good linear codes.
A rational normal curve C in P G(d, F ) is a complete (|F | + 1)-arc. For char F = 2 each (|F | + 1)-arc in P G(3, F ) is a twisted cubic (cf. [1] , Theorems 21.1.1, 21.2.3, 21.2.4).
In [4] G. Korchmaros and N. Pace construct for an odd prime power q and odd n > 1 a family of large complete arcs in P G (2, q n ) which are not contained in a conic, by using the group P SL (2, q) in its action on an irreducible conic in P G (2, q) . They consider the union K of a conic in P G (2, q) and an orbit of a point of P G (2, q n ) outside P G (2, q) . It turns out that K is an arc if the point fulfills some conditions. The group P GL(2, F ) acts as an automorphism group on every rational normed curve of P G(d, F ). Therefore the question arises whether a construction similar to that of Korchmaros and Pace is possible for higher dimensions.
Our first attempts to use P SL (2, q) like in [4] went wrong. Indeed one can show using a programm written by M. Giulietti that for q ≤ 31 prime and for q = 25, 49, 121 the union K of a cubic C 0 in P G (3, q) and an orbit of a point in P G (3, q 3 ) outside P G (3, q) is an arc if and only if the point lies on the cubic C in P G (3, q 3 ) containing C 0 . Therefore it is impossible to take over the construction with the group P SL (2, q) . So we came to the conclusion to use a proper subgroup of P SL (2, q) accepting that the construction would yield a smaller arc. Therefore we tried to use a p-Sylow group of order q, looking for points which can be added to a cubic curve of P G (3, q) in order to obtain a (2q + 1)-arc of P G (3, q 3 ).
The aim of this paper is to show the existence of arcs of small cardinality 2q + 1 in P G(3, q 3 ), q ≥ 5 odd, which are stabilized by a group of projectivities isomorphic to a p-Sylow subgroup of the group P SL(2, q) and which are not contained in cubic curves.
We wish to thank M.Giulietti for his help.
Notations and preliminary results
Denote F a finite field with |F | ≥ 5 and p = char F = 3. Let P G(3, F ) = (P, L) be a 3-dimensional projective space over F , where P is the set of the points, L is the set of the lines. Denote Π the set of the planes. Let C ⊂ P be a cubic curve of P G (3, F ) .
A plane π ∈ Π is 3-secant or 2-secant plane if |C ∩ π| = 3 or |C ∩ π| = 2, π is 1-secant plane if |C ∩ π| = 1 and if in some complexification P G(3, F ) of P G (3, F ) 1 the corresponding extension of π is a 3-or a 2-secant plane, π is osculating plane if |C ∩ π| = 1 and π is not a 1-secant plane (cf. [1] , p.234, Corollary 4).
A 3-secant plane π with C ∩ π = {P (t 1 ), P (t 2 ), P (t 3 )} can be represented by the equation
Every 2-secant plane can be represented by an equation of the form
Through each point P = P (t) ∈ C there is exactly one osculating plane π P represented by
The osculating plane π ∞ at the point ∞ has the equation x 3 = 0.
The points of A = P \ π ∞ are the affine points of P G(3, F ) and can be represented by (x 0 , x 1 , x 2 , 1).
Denote G the group of projectivities of P G(3, F ) fixing C. Let S be the p-Sylow subgroup of G isomorphic to the p-Sylow subgroup of P GL(2, F ) whose elements are the mappings σ b : t → t + b, for all b ∈ F . By (4) the element of S corresponding to σ b is represented by the matrix
From the definition it follows that S is isomorphic to the additive group of F .
The elements of S have a common fixed point, namely ∞ and every element of S \ {id} has only this fixed point (cf. [3] , p.191, Satz 8.2, a)).
For a point P and a group of projectivities H denote H(P ) = {hP | h ∈ H} the orbit of P under the action of H.
Proof. We have P 0 = 0, 0, 0, 1 ∈ C. By (5) the orbit of P 0 is S(
The translations with respect to the plane π ∞ are represented by matrices
An easy computation shows that for every matrix
Since the group of all translations acts regularly on the set of affine points there is a translation τ with τ (P 0 ) = P . Thus by the above consideration
Note that the orbit S(P ) of a point P = x 0 , x 1 , x 2 , x 3 lies on a conic through ∞ precisely when P ∈ π ∞ and x 2 = 0, such a conic belonging to the plane x 3 = 0. S(P ) lies on a line precisely when P ∈ π ∞ and x 2 = 0, such a line being just the line represented by
We call the points of P 0 the rational points of P G (3, F ) . From now on we assume that F is a cubic extension of F 0 = GF (q) so that
is an eigenvector of the matrix A representing g. As g ∈ G 0 we may assume that the entries of A are in GF (q). Therefore v q and v q 2 are eigenvectors of A as well. As P ∈ P \ P 0 , the points P, P q , P q 2 are all different. Therefore g has three fixed points and g is the identity of G 0 .
2
Points of P 0 in planes intersecting C \ C 0
The arc we show the existence is constructed by adding to a fixed orbit O ∈ Ω the points of a suitable small cubic curve C 0 = C 0 in P G (3, q) . Hence we need to show the existence of a cubic C 0 = C 0 in P G (3, q) 
3 ).
The curve C 0 must satisfy the following properties:
1) no point of C 0 belongs to a plane of Π 3s , 2) no 2 points of C 0 belong to a plane of Π 2s , 3) no 3 points of C 0 belong to a plane of Π 1s .
For our construction it is therefore important to know how many points of P G(3, q) lie on every plane which has a non-empty intersection with O.
In this section we put together some results concerning this problem.
Denote O 1 = S 0 (P (−2 −1 w)) and O 2 = S 0 (P (−2w)) the two orbits defined by the points P (−2 −1 w), P (−2w) ∈ C \ C 0 .
Let A 0 = P 0 \ π ∞ denote the set of the affine points of P G (3, q) .
Lemma 3 Let P 1 , P 2 ∈ O and P 3 ∈ C with P 1 = P 2 , P 3 = P 1 , P 2 . Let π ∈ Π be the plane containing the points P 1 , P 2 , P 3 . Then we have:
Proof. There are b i ∈ GF (q) with P i = P (w + b i ) for i = 1, 2 and there are c, d ∈ GF (q) with
Firstly we consider the case
According to (1) the plane π is described by the equation
As it needs to determine the solutions (x 0 , x 1 , x 2 , 1) with x i ∈ GF (q), we split the equation into the following system of three linear equations
The rank of the matrix of the coefficients is 3 precisely when c / ∈ {−2
Hence we obtain (i) and (ii).
For P 3 = ∞ the plane π is described by the equation
If in equation (1) we replace t 3 by t 1 we obtain equation (2), that is, the equation of a 2-secant plane intersecting the cubic C in the points P (t 1 ) and P (t 2 ). Therefore from the proof of Lemma 3 we obtain By this lemma it is clear that the 2-secant planes belonging to Π 2s select points of A 0 that could be chosen for our construction.
From Lemma 3 (i) follows |π ∩ A 0 | = 1 for all π ∈ Π 3s .
Lemma 5 The mapping
Proof. (a) For π ∈ Π 3s there are three different elements b i ∈ GF (q) with
By setting
we have for the cubic polynomial
.e. each plane π ∈ Π 3s corresponds with exactly one cubic polynomial f (x) ∈ GF (q) [x] with three different roots.
By solving the system (6) of linear equations for c = 1, d = b 3 , for the image φ(π) = (x 0 , x 1 , x 2 , 1) we get
(b) Now let π ∈ Π 3s a further plane and b i ∈ GF (q) with P (w + b i ) ∈ π for i = 1, 2, 3 and
, thus a 1 = a 1 and
) the set of affine points in P G(3, q) lying neither on a plane in Π 3s nor in the small cubic C 0 .
Proposition 6
(i) The cardinality of B is |B| = 1 6 q(5q 2 + 3q − 8).
(ii) For each g ∈ S 0 we have g(B) = B.
(iii) B is the union of
(5q 2 + 3q − 8) orbits with respect to the group S 0 .
Proof. (i) From Lemma 5 follows |φ(Π
.
(ii) holds as O is an orbit, hence g(Π 3s ) = Π 3s and thus g(φ(Π 3s )) = φ(Π 3s ) for all g ∈ S 0 .
(iii) follows from (i), (ii) and the fact that each orbit has cardinality q. 2 Let Π 0 be the set of the planes in Π that are extension of planes of P G (3, q) meeting O.
Lemma 7
(i) For each α ∈ Π 0 it holds |α ∩ O| = 1, i.e., Π 0 ⊂ Π 1s .
(ii) For each point P ∈ O there exists a unique plane α ∈ Π 0 with P ∈ α. This plane α does not contain the point ∞.
Proof. (i) follows from Lemmas 3, 4.
(ii) Let
Denote
the equation of a plane with a, b, c, d ∈ GF (q).
The point P belongs to it precisely when
Such equation splits into three linear homogeneous equations over GF (q)
a(r + 3f ) + b = 0, a(s + 3f
It is a = 0, otherwise b = c = d = 0. Therefore we may assume a = 1 so that it needs to solve the following non-homogeneous system in (b, c, d
from which we get the unique solution
Hence there is a unique plane α ∈ Π 1s through P whose equation is
Since a = 0 it holds ∞ / ∈ α.
(iii) follows from (i) and (ii). 2
By Proposition 1 and Lemma 3 we know that the elements of C B = {S 0 (P ) ∪ {∞} | P ∈ B} are small twisted cubics partitioning the set B. By Proposition 6 follows |C B | = 1 6
(5q 2 + 3q − 8).
as two different cubics in C 3s meet only in ∞. Because of (a) we have
Let P g ⊂ P 0 be the set of the points incident with the curves of C F . It is
(3q 3 + 3q 2 − 8q). The points of P g are called good points as each curve of C F satisfies the properties 1) and 3). Now it needs to find a subset P ⊂ P g so that at least one of the cubic curves partitioning P satisfies 2).
Points of P 0 in planes of Π 2s
By Lemma 3, (ii) and in order to find the subset P one must know first how many planes of Π 2s meet P G (3, q) in lines.
To this end and to prove Lemma 10 we need Lemma 9 If −3 is a non-square then r 2 + 3s = 0.
reducible over GF (q), a contradiction to our assumption that
Let π ∈ Π l . From Lemmas 3, 4 follows that π is described by the first equation of the proof of Lemma 3 with c(π) := c ∈ {−2 −1 , −2}.
Lemma 10
Proof. (2) Here c = −2. Then the system (6) has a solution precisely when
is zero or it is a square of GF (q).
By setting x = b 1 − b 2 and Δ = y 2 we get the equation
The equation (7) represents a conic C Δ in the affine plane over GF (q).
Exactly the points (x, y) ∈ C Δ with x = 0 do correspond to sets of planes in Π l2 .
Then C Δ is an ellipsis when −3 is a non-square of GF (q), and it is a hyperbola otherwise. Thus
We have 
Since each point (x, y) ∈ C Δ with x = 0 corresponds to exactly q planes of Π l2 as b 2 runs through GF (q) and
, and since (−x, y) corresponds to the same set of planes as (x, y) we obtain the assertion.
The following remark might be useful in looking for applications of Lemma 10. If
Denote L l1 and L l2 the set of the lines of P G (3, q) arising respectively from the planes (1) Π l1 and (2) Π l2 of Lemma 10. By construction it is L l1 ∩ L l2 = ∅.
From the equations (6) of Lemma 3 follows that every line of L l1 ∪ L l2 may be identified by the pairs (b 1 , b 2 ) ∈ GF (q 2 ) with b 1 = b 2 so that we may denote it
The lines L l1
Let GF (q)
For a ∈ GF (q) + let us consider the line l(0, a) ∈ L l1 and the orbit S 0 (l (0, a) ). Set L (0,a) = S 0 (l(0, a) ).
Proof. The set L = {L (0,a) | a ∈ GF (q) + } consists of orbits of lines of L l1 , each orbit containing q lines. As |GF (q)
, the line l(0, a) is represented (comparing with the system (6)) by the system
By the second equation we get
so that by substituting in the first equation we can express the line l1, (0, a) by the system (6 1 ) is a nonsquare of GF (q), i.e. q = 5 or, q > 5, r 2 + 3s = 0 and −1 is a non-square.
Proof.
Each line of l a,b ∈ L (0,a) may be represented by
, that is by
while b runs in GF (q). Therefore the intersection of two lines l a, 
By eliminating x 21 and x 22 we get is a non-square of GF (q).
Setting a = x, this is equivalent to say that the equation −x 2 +2(3 −1 r 2 +s) = y 2 has no solution other than the pairs (x, 0) (in case 2(3 −1 r 2 + s) is a square in GF (q)). Moreover, as x ∈ GF (q) + , roots of kind (0, y) have to be excluded by hypothesis. Hence, the lines L (0,x) are mutually skew precisely when the conic C 2 : x 2 + y 2 − 2(3 −1 r 2 + s) = 0 has no points in AG(2, q) out the lines y = 0, x = 0.
If q = 5 and the irreducible polynomial is x 3 − rx 2 − sx − u = x 3 − 3x + 1, then C 2 has no points in AG (2, 5) As the lines of L l1 in an orbit are not necessarily mutually skew, it needs to delete from P g the affine points incident the lines of L l1 .
Denote P 1 = > 0, the set P = P g \ P 1 is not empty.
Let P ∈ P and denote C 0 = S 0 (P ) ∪ {∞}. Define K = O ∪ C 0 .
We show that K is an arc. By construction it needs only to prove that no two points of C 0 belong to a line of L l2 .
Assume there are two points Q, R ∈ C 0 such that the line l = QR is a line of L l2 . The orbit S 0 (l) consists of q lines that divide in pairs the points of C 0 . Then, as |C 0 | = q + 1 and |S 0 (l)| = q, the orbit S 0 (l) should contain some pair of incident lines, a contradiction.
Thus we have

Theorem 14
In P G(3, q 3 ) there exist (2q + 1)-arcs stabilized by S 0 which are not contained in a cubic curve.
